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bjKMPOp+Pd7p+Pb]¯p+PO\¨d7b+Pvx ¡fZXMaObjY[]_XMg
5X;d7NQPO\li
sinx
d7XMx
cos x
<¢
  Z~[XR ZV$'*Zn&.Z~3*'* ZX ­!JKMPSp+PONd7YlXZYlXZ^®b+POpjNQg$ (wzw 2h, cos h, sinh, . . . d7p+PSPO`d7\lfd7b+Pvx¯knifMg+YlXZ^dQt]_\li1XM]_NY¨d7\d7tZtZp+]e¤1YlNd7bjY[]_X ]7¥bjKMP$¡fZXMaObjY[]_Xy¡]_pcbjKMPp+PO\¨d7b+Pvx¡fZXMa<
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d7YlXMPvx &('* d/tZp+P<av]_NtZfZb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d7XMx
m
Y[gd7X
YlXub+PO^POpe¢LKM]_pP<¤Md7NtZ\[P`±
[12 , 1[53
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x
¢n¶ P
xZPOXM]_b+P/kui
o(x)
dNd_a+KZYlXMPXnfZNkPOpSaO\[]`g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√
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d7pji¯k;d_a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d7pjbjYlXZ^5p+]_N g+]_NQP/^`Yl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∣
∣
∣
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∣
∣
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∣
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POX kui |h| ¢  ]_p+Pv]ePOpe±¥bjKZY[gg+POb]7~xY[gjbjYlXZ^`fZY[gjKMPvx t]_YlXub+gQ^`YlPvg®d£NQ]_p+P3d_avaOfZpd7b+PYlNtZ\[PONQPOXub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f(x)
aed7X¯k?PWNd_xZP~d_avaOfZp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K²±ng+]~bjK;d7b©bjKMPOp+Psd7p+Pd7tZtZp+]v¤YlNd7b+PO\li
29
bjpjY¨d7\[g¬]_pd7Xui¯xY[gjbjYlXZ^`fZY[gjKMPvxPO\[PONQPOXnbW]7¥bjKMP
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Y  |252+x aONQ]ux 1| ≤ 2−m ±d
m
k;d_x aed_g+P¡]_p
cos x
Y  |253 · cos x aONQ]ux 1| ≤ 2−m ±d m k;d_x9aed_g+P¬]_p sinx Y  |253 ·
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±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]_XbjKZY[gSg+PObSaed7X9kP/fMgPvx ¬]_p$bjKMPQKM]_\[PPO`d7\lf;d7bjY[]_X9ga+KMPONQPm5k?]_bjK9mufZY[a+¦ d7XMxd_avaOfZpd7b+P
tZK;d_gPvg<¢
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 ¸ ½ ¼ 
 ½  '¼ ½ ¸ 
sXMxZPOp)bjKMPpd7XMxZ]_N NQ]1xZPO\Zd_ggjfZNtZbjY[]_X²±`Ylb)Y[g)t]`ggjYlkZ\[Pb+]$gjbjp+POXZ^`bjKMPOXbjKMPp+PvmnfZYlp+PONQPOXub+g©]7
U~d7\n]_X~bjKMP¥\[POXZ^`bjKMg]7ZbjKMPpjfZXMgh]7Mav]_XMg+PvaOfZbjYlP©Y[xZPOXnbjY[aed7\1kZYlb+ge¢(KM]_pbjKMP
2x
¡fZXMaObjY[]_X²±vEPEaed7X
bd7¦P$d_gg+POb]7xY[gjbjYlXZ^`fZY[g+KMPvxt]_YlXub+gd7\l\bjKMP
42
k;d_xaed_g+Pvge¢JKMPOp+P$d7p+P$d7tZtZp+]v¤YlNd7b+PO\li
212]7¥bjKMPON d7XMxIbjKMPNd¤1YlNfZN xY[g+bd7XMavPk?PObPvPOX b]®av]_XMgPvaOfZbjYlP]_XMPvgY[gk?PO\[]e
2−9.914
±
gPvPr1PvaObjY[]_X {¢ EKM]1]`gjYlXZ^gjfMa+K dgPObs]7©xY[gjbjYlXZ^`fZY[gjKMPvx`d7\lfMPvgsxZPvaOp+Ped_gPvgsbjKMPPOpjp+]_pNd_xZP
]_X
2x0
YlX
2x = 2x0 · 2h,
kZfZbg+YlXMavP$bjKMPWNd¤1YlNfZN xY[gjbd7XMavP~kPOb«EPvPOX3b«E]xY[gjbjYlXZ^`fZY[gjKMPvx`d7\lfMPvgY[gXM]_bcxZPvaOp+Ped_gPvxD±
bjKMPPOpjp+]_pSNd_xZPKZYl\[PPO`d7\lf;d7bjYlXZ^IbjKMPt]_\li1XM]_NY¨d7\d7tZtZp+]e¤1YlNd7bjYlXZ^
2h
¬]_p
h
aO\[]`g+PQb+]
0Y[gp+]_fZ^`KZ\li9bjKMP®g d7NQP`±Y¢P`¢ ≈ 2−10 ­gjYlXMavP®bjKMPav]uP<aOY[POXub+gQ]7cbjKMP®t]_\li1XM]_NY¨d7\d7p+PxZ]_fkZ\[Pvg/d7XMxg+YlXMavPQbjKZY[g~Y[g/d7\[g+]3bjKMPQE]_pj¦1YlXZ^tZp+PvaOY[gjY[]_X²±²bjKMP®xZPO^`p+PvP<
1
av]1P<aOY[POXnbY[gav]_pjp+PvaOb
YlbjK³POpjp+]_pk]_fZXMxZPvx9kni ≈ 2−53−10 ¢ gd3av]_XMg+PvmufMPOXMavP`±bjKMPPOpjp+]_pNd_xZPYlX bjKMPmufZY[a+¦tZK;d_gPSY[gp+]_fZ^`KZ\li¯bjKMP/gd7NQP`¢ fZbWd_gEPYl\l\g+PvPYlXIbjKMPXMP<¤1bWgjfZkMg+PvaObjY[]_X²±bjKZY[gWa+KM]_Y[avP/]7
xY[g+bjYlXZ^`fZY[gjKMPvxt?]_YlXnb+gNd7¦PvgcbjKMP~d_avaOfZpd7b+P~tZK;d_g+P~NQ]_p+P~P<aOY[POXnbe¢
KM]_psbjKMP
sinx
5fZXMaObjY[]_X²±?gjYlXMavPSbjKMPOp+Pd7p+Pb]p+PO\¨d7b+Pvx3¡fZXMaObjY[]_XMgsYlXIbjKMPgPvav]_XMx3pd7XZ^P
p+PvxfMaObjY[]_X 5X;d7NQPO\li
sinx
d7XMx
cos x
<±DEPaed7XZXM]_bP<¤tPvaOb$pjfZXMg]7av]_XMg+PvaOfZbjYlPQY[xZPOXubjY[aed7\
kZYlb+gd_g)\[]_XZ^~d_g¡]_p
2x
¢Z=XMxZPvPvxD±7bjKMPk?PvgjbaKM]_Y[avP]7!xY[gjbjYlXZ^`fZY[gjKMPvx/`d7\lfMPvg)Y[gNd_xZP]7d7\l\bjKMP
x
g)bjK;d7bEd7p+PgjYlNSfZ\lbd7XMPv]_fMg+\li
21
k;d_xaed_g+Pvg)¬]_p
sinx
d7XMx
cos x
¢`JKMPOp+Psd7p+Pd7tZtZp+]v¤YlNd7b+PO\li
212
]7bjKMPON¯±Zd7XMxbjKMP$dvPOpd7^P$xY[g+bd7XMavPsk?PObPvPOX¯b]av]_XMg+PvaOfZbjYlP$]_XMPvgY[gkPO\[]
2−9.977d_gEgjKM]eXkni/bjKMPcP<¤t?POpjYlNQPOXnb+g]7hr1PvaObjY[]_X{¢JKZY[g©NQPed7XMg©bjK;d7bEbjKMPcPOpjp+]_p+g¥Nd_xZPs]_X
sinx0d7XMx
cosx0
YlX
sinx = sinx0 · cos h + cos x0 · sinh (1)
d7p+P$xZPvaOp+Ped_gPvx®5p+]_N ≈ 2−63 b+] ≈ 2−74 ¢¶ P$d7pj^`fMP$bjK;d7bbjKMP$POpjp+]_p+gNd_xZPWYlXbjKMPWt]_\li1XM]7NY¨d7\PO_d7\lf;d7bjY[]_XMgWav]_pjp+Pvgjt?]_XMxYlXZ^®b+]
cos h
d7XMx
sinh
aed7Xd7\[g]Qk?P~Nd_xZP~bjK;d7bgjNd7\l\±!YlXd
POpjiP<aOY[POXnbsdei¢M¶ P~xZP<µMXMP
S(h) = h− a3h3 + a5h5
d7XMx
C(h) = 1− 1
2
h2 + a4h
4,
KMPOp+P
ai
Y[g©bjKMPxZ]_fZkZ\[PsaO\[]`gPvgjb©b+] 1
i!
¬]_p
i ∈ {3, 4, 5} ¢	gjYlXZ^bjKMPd_aOb©bjK;d7b |h| ≤ 2−10.977d7\[]_XZ^YlbjK  d7^`pd7XZ^P`gk?]_fZXMxD±ZP~]_kZbd7YlX3bjK;d7be­
| sinh− S(h)| ≤
∣
∣
∣
∣
sinh−
(
h− h
3
6
+
h5
120
)
∣
∣
∣
∣
+
∣
∣
∣
∣
a3 −
1
6
∣
∣
∣
∣
|h|3 +
∣
∣
∣
∣
a5 −
1
120
∣
∣
∣
∣
|h5|
¶0¶¸·¹Lº»º¼
He aVb';X  Zj ')V$VWVXLX
≤ 2−76.839 · 2−12.299 + 2−56.584 · 2−32.931 + 2−62.906 · 2−54.885
≤ 2−88.314,
| cos h− C(h)| ≤
∣
∣
∣
∣
cos h−
(
1− h
2
2
+
h4
24
)∣
∣
∣
∣
+
∣
∣
∣
∣
a4 −
1
24
∣
∣
∣
∣
|h|4
≤ 2−65.862 · 2−9.491 + 2−58.584 · 2−43.908
≤ 2−75.352.
¶ P®XM] P<¤tZ\¨d7YlX³KM]e´b+]£PO`d7\lf;d7b+P®Pvmuf;d7bjY[]_X
(1)
¢  POb
c0
d7XMx
s0
k?PbjKMP®b«E]£Nd_a+KZYlXMP
XufZNSk?POp+gEd7tZtZp+]e¤1YlNd7bjYlXZ^
cos x0
d7XMx
sinx0
¢ i/av]_XMgjbjpjfMaObjY[]_XPK;dvP |c0−cos x0|, |s0−
sinx0| ≤ 2−74
¢  POb
C∗(h) = C(h)−1 d7XMx S∗(h) = S(h)−h ¢nwsPvaed7\l\ZbjK;d7b h ≤ 2−10.977 ¢¶ P¥µMp+gjbav]_NtZfZb+Pd7tZtZp+]v¤YlNd7bjY[]_XMg]7
S∗(h)
d7XMx
C∗(h)
YlbjKfO]_pjXMPOpegNQPObjKM]uxYlXxZ]_fZkZ\[P
tZp+PvaOY[g+Y[]_X²­
k← o(h2) |k − h2| ≤ 2−54−21 ≤ 2−75 k ≤ 2−21.953
k′ ← o(h · k) |k′ − h3| ≤ 2−10.977−75 + 2−54−32 ≤ 2−84.988 |k′| ≤ 2−32.930
S∗ ← o(a5 · k) |S
∗ − a5 · h
2| ≤ 2−6.906−75 + 2−54−28 ≤ 2−80.952 |S∗| ≤ 2−28.859
S∗ ← o(S∗ − a3) |S
∗ − (−a3 + a5 · h
2)| ≤ 2−80.952 + 2−54−2 ≤ 2−55.999 |S∗| ≤ 2−2.584
S∗ ← o(k′ · S∗) |S∗ − S∗(h)| ≤ 2−84.988−2.584 + 2−55.999−32.930 + 2−54−35 ≤ 2−86.754 |S∗| ≤ 2−35.513
C∗ ← o(a4 · k) |C
∗ − a4 · h
2| ≤ 2−4.584−75 + 2−54−26 ≤ 2−78.777 |C∗| ≤ 2−26.536
C∗ ← o(C∗ − 1
2
) |C∗ − (− 1
2
+ a4 · h
2)| ≤ 2−78.777 + 2−54−2 ≤ 2−55.999 |C∗| ≤ 2−1.000
C∗ ← o(k · C∗) |C∗ − C∗(h)| ≤ 2−75−1.000 + 2−55.999−21.953 + 2−54−22 ≤ 2−74.824 |C∗| ≤ 2−22.951 .
JKMPSaed7\[aOfZ\¨d7bjY[]_XI]7
sinx
POXMxZgYlbjK¯bjKMPSgjfZN¯­
s = s0 + c0 · h + (s0 · C∗ + c0 · S∗),
bjKMP/b+POpjN 
c0 · h
/k?POYlXZ^3PO_d7\lf;d7b+Pvx YlXd7X P<¤1b+POXMxZPvx tZp+PvaOY[g+Y[]_X²±?¡]_p~P<¤Md7NtZ\[PkuiIfMgjYlXZ^d
muf;d_xpjfZtZ\[P`±Md/xZ]_fZkZ\[P<xZ]_fZkZ\[P`±;]_pkui®g+YlNSfZ\¨d7bjYlXZ^QbjKMP$P<¤b+POXMxZPvxtZp+PvaOY[gjY[]_X¯YlbjKbjKMPWfMg+PW]7
d¡Nd/]_t?POpd7bjY[]_X²¢YKM]_pcP<¤Md7NtZ\[P$P~xZ]/bjKZY[gYlbjKId¡Nd¢
 h′ ← ofma(s0 + c0 · h)
¢
 t← o(h′ − s0)
¢
 l← ofma(t− c0 · h)
¢
ruYlXMavP |c0 · h| ≤ s02
±ZP~K;deP
h′ ≥ s02
d7XMxbjKMPSg+Pvav]_XMx3]_t?POpd7bjY[]_X3Y[gP<¤Md_aObe¢MJKMPOp+P<¬]_p+P~P
K;deP`­
h′ + l = s0 + c0 ·h
d7XMx |(h′ + l)− (sin x0 +cos x0 ·h)| ≤ 2−74 +2−74−10.977 ≤ 2−73.999.
¶ PXM]av]_NtZfZb+Pg+]_NQPS\[Pvggg+Yl^`XZY µ;aed7Xnb$kZYlb+ge±!KZY[a+K YlX£t;d7pjbjY[aOfZ\¨d7p~gjfavPb+]®p+]_fZXMx
av]_pjp+PvaObj\libjKMP$p+Pvg+fZ\lbNQ]`gjbc]7)bjKMPWbjYlNQP`¢
S∗ ← o(c0 · S
∗) |S∗ − cos x0 · S
∗(h)| ≤ 2−74−35.513 + 2−0.188−86.754 + 2−54−35 ≤ 2−86.631 |S∗| ≤ 2−35.700
C∗ ← o(s0 · C
∗) |C∗ − sin x0 · C
∗(h)| ≤ 2−74−22.951 + 2−0.249−74.667 + 2−54−23 ≤ 2−74.610 |C∗| ≤ 2−23.199
 ¶
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C∗ ← o(S∗ + C∗) |C∗ − (cos x0 · S
∗(h) + sin x0 · C
∗(h))| ≤ 2−86.631 + 2−74.610 ≤ 2−74.609
C∗ ← o(l + C∗) |(h′ + C∗)− sin x| ≤ 2−74.609 + 2−73.999 + 2−1−106 ≤ 2−73.271.
¶ KMPOX bjKMP¯xY[g+bd7XMavP¯k?PObEPvPOX
253+e · sinx d7XMx Z Y[gQKZYl^`KMPOpbjK;d7X 253+e · 2−73.271 =
2−19.271+e
§IKMPOp+P
e
Y[g
1
YlX bjKMPaed_g+P]7cd®p+]_fZXMxYlXZ^3b+]bjKMPXMPed7p+Pvg+b~NQ]uxZP`±d7XMx
0
¡]_p
d9xYlp+PvaOb+Pvx p+]_fZXMxYlXZ^³NQ]uxZP¯§³bjKMP d_xZxYlbjY[]_X
h′ + C∗
^`YlPvg®bjKMP£av]_pjp+PvaOb]_fZbjtZfZbe¢JKZY[g
YlNtZ\lY[PvgbjK;d7bkni®fMgjYlXZ^QgjfMa+K3d/ga+KMPONQP$bjKMPWp+PvgjfZ\lbY[gav]_pjp+PvaObj\lip+]_fZXMxZPvxYlbjKtZp+]_k;d7kZYl\lYlb«i
d7b©\[Ped_gjb
1−2−19.271 ±KZY[a+KNd7¦PvgEbjKMP 99.9% Pvg+bjYlNd7b+Pc]7U$d7\;YlXMaOp+Ped_gPb+] ≈ 99.9998% ¢
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 ¸  Z ¸ ½ ¼  ® l  ¸   ¼ ½
=«X bjKZY[ggjfZkMg+PvaObjY[]_XPxZPvg+aOpjYlk?PQKM] ]_XMPav]_fZ\[xPO`d7\lf;d7b+P
2x : [12 , 1[→ [1, 2[
YlX xZ]_fZkZ\[P
tZp+PvaOY[g+Y[]_XYlbjKav]_pjp+PvaObp+]_fZXMxYlXZ^knifMgjYlXZ^S]_XZ\liU~d7\g¥NQPObjKM]1xD±nYlXQbjKMPsaed_g+Pc]7hd$xYlp+PvaOb+Pvx
p+]_fZXMxYlXZ^NQ]1xZP`¢ g~fMgjf;d7\±hbjKMPOp+P®d7p+Pb]3tZK;d_gPvge­²bjKMP®mnfZY[a¦ tZK;d_g+Pd7XMx9bjKMPd_avaOfZpd7b+P
tZK;d_gP`¢
  ¸ 
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¶ PSfMg+PQU$d7\gNQPObjKM]1x3YlbjK£bjKMPbd7kZ\[PNd_xZP/]7©bjKMP
42
k;d_x aed_g+Pvg¢
JKZY[gYlXMxfMavPvgd7XPOpjp+]_pk?]_fZXMxZPvxkni
2−41
¡]_pbjKMPsb+POpjN
2x0
±1d7XMxbjKMPstZp+]_kZ\[PON Y[gp+PvxfMavPvx
b+]av]_NtZfZbjYlXZ^d7tZtZp+]v¤YlNd7b+PO\li
2h
KMPOp+P |h| Y[gg+Nd7\l\[POpbjK;d7X 2−10.914 ¡g+PvPr1PvaObjY[]_X {3<¢¶ P/xZ]®bjKZY[gWkni£PO`d7\lf;d7bjYlXZ^bjKMPt?]_\li1XM]_NY¨d7\
P (h) = 1 + a1h + . . . + a4h
4 ±KMPOp+P ai
Y[g
bjKMPsxZ]_fZkZ\[PcbjK;d7bY[g©aO\[]`gPvgjb©b+] (ln 2)i
i!
¢j=b¥Y[gEt?]`g+gjYlkZ\[Pb+]a+KMPva¦QbjK;d7b
P (h)
aed7XkPsPO_d7\lf;d7b+Pvx
YlbjK ]_XZ\li ]_t?POpd7bjY[]_XMg~]_X xZ]_fZkZ\[Pvg~b+]¯d7tZtZp+]e¤1YlNd7b+P
2h
YlbjKPOpjp+]_p~k?]_fZXMxZPvx kni ≈ 2−63KMPOX |h| ≤ 2−10.914 ¢JKZY[gYlNtZ\lY[PvgbjK;d7bY  x Y[gXM]_bsd 10 k;d_x¯aed_g+P`±bjKMPW`d7\lfMP$aed7\[aOfZ\¨d7b+Pvxg]¬d7p~¡]_p
2x
Y[g~av]_pjp+PvaObe¢  ]_p+Pv]ePOpe±)d_gd¯gjY[xZPQP DPvaObe±²Y 
x
Y[gd
42
k;d_x9aed_g+P`±hbjKMPp+PvgjfZ\lb
aed7X d7\[g+]kPav]_pjp+PvaObj\li3p+]_fZXMxZPvxD­¬]_pWPed_a+K POXnbjpji
(x0, 2
x0)
]7©bjKMPbd7kZ\[P`±EPd_xZx£dkZYlbW]7
YlX¬]_pjNd7bjY[]_Xb+PO\l\lYlXZ^KMPObjKMPOpbjKMPg+b+]_p+Pvx`d7\lfMPc¡]_p
2x0
Y[ggj\lYl^`Kubj\li\¨d7pj^POp]_pgjNd7\l\[POpbjK;d7X
Ylb+gp+Ped7\²_d7\lfMP`¢
  ¸ Z 
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  Z ¸ rufZtZt?]`g+PsXM]e bjK;d7bEbjKMPmnfZY[a¦QtZK;d_g+Psd_gXM]_bgjfaOY[POXnbb+]^`f;d7p,
d7Xub+PvP®dIav]_pjp+PvaObp+]_fZXMxYlXZ^£]7bjKMP®]_fZbjtZfZbe¢¶ P¦PvPOt bjKMPg d7NQPt;d7Ylp
(x0, 2
x0)
d7XMx ]_XZ\li
aK;d7XZ^PcbjKMPct]_\li1XM]_NY¨d7\?PO_d7\lf;d7bjY[]_XgjfZktZK;d_g+P`¢u¶ PcPO`d7\lf;d7b+PcYlX®mnf;d_xpjfZtZ\[PstZp+PvaOY[gjY[]_XbjKMP
t?]_\li1XM]_NY¨d7\
Q(h) = 1 + b1h + . . . + b7h
7 KMPOp+P bi
Y[gbjKMPmuf;d_xpjfZtZ\[PtZp+PvaOY[gjY[]_X Nd
aKZYlXMP$XnfZNkPOpsbjK;d7bY[gaO\[]`g+Pvgjbb+] (ln 2)i
i!
¢_=baed7Xk?P$a+KMPva¦Pvx¯bjK;d7b
Q(h)
aed7Xk?P$PO_d7\lf;d7b+Pvx
YlbjK ]_tPOpd7bjY[]_XMg]_X9muf;d_xpjfZtZ\[PvgSb+]Id7tZtZp+]v¤YlNd7b+P
2h
YlbjK9POpjp+]_pSk?]_fZXMxZPvx kui
2−106.821KMPOX |h| ≤ 2−10.914 ¢  POb Q̄(h) kP~bjKMP$_d7\lfMPav]_NtZfZb+Pvx¬]_p Q(h) ±d7XMx y0
k?P$bjKMP$`d7\lfMP
¬]_p
2x0
bjK;d7bY[ggjb+]_p+Pvx¯YlXbjKMP$bd7kZ\[P`¢Z¶ PWµMX;d7\l\li¯d7tZtZp+]v¤YlNd7b+P
2x
kui
y0 · Q̄(h)
±ZbjKMP~POpjp+]_p
k?POYlXZ^k?]_fZXMxZPvxkni?­
2−106.821+1 + 2−41−53 · 1.000360 + 2−114+1 ≤ 2−93.999.
¶0¶¸·¹Lº»º¼
HeR aVb';X  Zj ')V$VWVXLX
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